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Abstract

In this paper, we study the asymptotic behavior of global
classical solutions of the Cauchy problem for general
quasilinear hyperbolic systems with weakly linearly de-
generate characteristic fields. Based on the existence
results on the global classical solution proved by Zhou,
we prove that, when t tends to infinity, the solution ap-
proaches a combination of C! travelling wave solutions,
provided that the total variation and L! norm of the ini-
tial data are sufficiently small.
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1 I Introduction and main result

Consider the following first order quasilinear strictly hyperbolic
system ) )
8—7; + A(u)a—g =0,
t=0: u(0,x) = f(x),

where A (u) = (aij (u)) e C8.
Strict hyperbolicity: Ai(u) < -+ < An(u).
By F.John (CPAM, 1974), all X\ (u), l@'j (u) and Tij (’U,)

(1.1)

(4.,j=1,---,n) are C? smooth and satisfy the normalized con-
dition

L(wrj(u) =465 (,j=1,---,n) (1.2)
and

rl(w)ri(u) =1 (i=1,---,n). (1.3)
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Definition (D.Q.Li, Y.Zhou and D.X.Kong, CPDE, 1994)
The i-th characteristic \; (v) is weakly linearly degenerate,
if, along the i-th characteristic trajectory v = u® (s) passing
through v = 0, defined by

du

—, =i (w), u(0)=0, (1.4)

we have
VAi(u)ri(u) =0, V |u|small, (1.5)

namely,
A (u@ (s)) =\ (0), V|s|small. (1.6)

If all characteristics are weakly linearly degenerate, then system
(1.1) is called to be weakly linearly degenerate.
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By D.Q.Li, Y.Zhou and D.X.Kong (CPDE, 1994), there exists
an invertible C* transformation v = u (@) (u(0) = 0) such that
in the w-space,

T (’szez) = €4, \V/|’£~L1| small (ZZ 1,°'- ,n). (17)

Such a transformation is called the normalized transforma-
tion and the corresponding unknown variables @ = (i, - - - , @in)"
are called the normalized variables or normalized coordi-
nates. In the normalized coordinates, (1.6) simply reduces
to

)\Z(u,ez) = )\i(O), \v4 |uz| small. (1.60,)
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If the initial data f(x) satisfies the following decay property:
A
0= su]g{(l + ) f @) + | @)} < oo (=0 N(EN
xre

is sufficiently small, D.Q.Li, Y.Zhou and D.X.Kong proved that
the Cauchy problem (1.1) admits a unique global classical solu-
tion, provided that the system (1.1) is weakly linearly degener-
ate. The condition pu > 0 is essential. If 4 =0, a counterexam-
ple constructed in Kong (Chin.Ann.Math.21B, 2000) showing
that the classical solution may blow up in a finite time, even
when the system (1.1) is weakly linearly degenerate.
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Theorem A.(Zhou Yi, Chin.Ann.Math.,25B,2004) Suppose
that the system (1.1) is strictly hyperbolic and weakly linearly
degenerate. Suppose furthermore that A(u) € C? and f € C!
with bounded C' norm. Let

M = sup |f'(x)]| < +oo. (1.9)
reR
Then there exists a small constant ¢ > 0 such that the Cauchy
problem (1.1) admits a unique global C! solution u = u(t,z) for
all t € R, provided that

+00 e
[ @le<e [ @< (110)
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Based on Theorem A, we prove the following theorem.
Theorem 1.1 (Asymptotic Behavior). Under the assump-
tions of Theorem A and A(u) € C3, there exists a unique C!

vector-valued function ¢(z) = (p1(z),-- - ,en(x))’ such that
u(t,z) — Z wi(x — Xi(0)t)e;, as t — +oo; (1.11)
1=1

moreover, there exists a positive constant x; independent of
e, M, x1 and xz2 such that for every i € {1,--- ,n},

lpi(z1) — pi(z2)| < KiM|x1 — 22|, V1,22 € R. (1.12)
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Furthermore, if f'(x), the derivative of the initial data, is glob-
ally Lipschitz continuous, that is, there exists a positive con-
stant ¢ such that

|f'(z1) — fl(z2)| < s|x1 — 22|, V1,72 € R, (1.13)
then
/(1) — ¢'(x2)| < k(s + MP)|z1 — 22|, V1,22 €R, (1.14)

where ko IS a positive constant independent of ¢, M, ¢, 1 and
xI9.
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Remark Theorem 1.1 gives the exact time asymptotic behavior
of the global classical solutions presented in Theorem A. For
the initial data satisfying the decay property (1.8), Kong and
Yang (CPDE, 28, 2003) proved that, when t tends to infinity,
the global classical solution approaches a combination of C!
travelling wave solutions at algebraic rate (1+¢)~#. Comparing
with it, because of the lack of the decay rate of the initial
data, in the present situation there is no any estimate on the
convergence rate.
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The paper is organized as follows. For the sake of complete-
ness, in Section 2 we recall John's formula on the decompo-
sition of waves with some supplements. Section 3 is devoted
to establishing some new uniform estimates. The main result,
Theorem B, is proved in Section 4. By analyzing carefully the
global propagation properties of the classical waves, we use the
estimates given in Section 3 to describe the large time behavior
of the global classical solutions, and then construct the desired
travelling waves.
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2 I Preliminaries

Resolution of wave (F.John, CPAM, 1974):
Let

vi(u) =Li(wu, wi(uw)=Lwu, =1, ,n),

d 0 3]
— = — 4+ \(u)—
i~ o T3
We have
d’Ui r

dlvi(de — \i(u)dt)] = Fi(t, z)dtdx.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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dw; A
dlt — Z ’YZ]k(U)ijk - Gl(t7 CU),
jk=1
ow;  O(\i(uw)w; — _ 2 A
ot Ox g k=1

d[w;(dz — Ni(u)dt)] = Gi(t, x)dtd.

(2.6)

(2.7)

(2.8)

When the system is weakly linearly degenerate, in the normal-

ized coordinates, it holds that

Bijj(uje;) =0,  viui(uies) =0, Vie{l,---,n}.

(2.9)
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3 I Uniform estimates

In this section, we shall establish some new uniform estimates
which play a key role in the proof of Theorem 1.1.
For any fixed T > 0, we introduce

Us(T) = sup sup [u(t,z)], Vi(T) = sup suplo(t, )|,

0<t<T zeR 0<t<T zeR
wﬁiﬁ|
Woo(T) = sup sup |w(t, x)|, R
0<t<T zeR « " |
—+00 ;Iy
%(T): sSup / |’U(t7$)|d33, %145’5#50;§|
0<t<T J —0
B @ |
“+o0 E- |
WA(T) = sup [ ju(t,a)lda, e
0<t<T J —0

_xa |
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UL(T) —maxsup/ ui(t, z)|dt, Vi(T) —maxsup/ |vi|dt,
Wi(T) = maxsup/ |w;(t, x)|dt,
i#t e JE
U(T) = maxsup/ lu;(t, x)|dt, Vi(T) = maxsup/ |vi|dt,
i# 1, Jr, i# 1, Jr,

Wi(T) = maxsup/ |w;(t, x)|dt,

]#Z Lj Lj
where | - | stands for the Euclidean norm in R", C; stands for
any given j-th characteristic on the domain [0,7] x R, while L;

stands for any given ray with the slope \;(0).
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Combining Lemma 4.1 and (4.52) in Zhou Yi we get
Lemma 3.1 Under the assumptions of Theorem 1.1, there
exists a positive constant K; independent of ¢, M and 1T such
that
~ €
Vi(T 3 ‘/1 T S K1_7
1) & M LEE
tr i
Wi (T), Wi(T) < Kie, D
4 > |
Uso(T), Voo (T) < Kie,
%mﬁi#wﬂ\

Woo(T) < K1 M. ﬂl
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On the other hand, we have

Lemma 3.2 Under the assumptions of Theorem 1.1, there
exists a positive constant K5 independent of ¢, M and 1T such
that

U(T) < Kz%, (3.1)
O,(T), Vi(T) < Kz% (3.2)

and
Wi(T) < Kae. (3.3)
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Proof.

Cj (B) Ci(a)
(t,x)
// // Q \\\
@ Q 8 X

Ci(a)

Figure 2
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Combining Lemmas 3.1-3.2 gives

Lemma 3.3 Under the assumptions of Theorem 1.1, there
exists a positive constant K3 independent of ¢ and M such

that
- ~ — ~ €
Vi(o00), Ui(oo), Ui(o0), Vi(oo), Vi(oco) < K3M,
Wl(OO), W1(OO), Wl(oo) S K3€,
UOO<OO), VOO(OO) S K3€, WOO(OO) S K3M,
where
—+00
Vi(oo) = sup / o(t, )| de,
OStSOO — 00
etc.
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Lemma 3.4 Under the assumptions of Theorem 1.1, for any
t € Rt and arbitrary «, 3 € R, it holds that

[ult, o + Xi(0)t) — u(t, B+ Xi(0)t)| < exM|o — Bl;
moreover, for any given C! function g(u),
lg(u(t, a + Ai(0)t)) — g(u(t, B+ Xi(0)t))| < coM o — B
and
|g9(u(t, zi(t, @) — g(u(t, zi(t, 8)))| < csM o — B,

where ¢; (i = 1,2,---) stand for some positive constants inde-
pendent of ¢, M, t, a and (.
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For any fixed T'> 0 and for arbitrary a, 8 € R, we introduce

T
E(T) = max / s, 0 + 7(0)8) — us(e, B R A(0)S)
i#F Jo

T
VET) = max [ fus(s, 0+ M(0)s) = vis, 8+ M(0)s)lds,
J#t Jo

T
W) =max [ (s, + A(0)s) = wy(s, B+ A(0)s)lds,
J7Z Jo

A T
0 11;123(/0 lu;(s, zi(s, ) —u;(s, zi(s, B))|ds,

B T
VAT) = max [ foy(s.2:(5,0)) = vy(s. (5, H)Ids,

W(T) = max / i (s, (s, @) — wy(s, i(s, B))|ds.

J7i
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Lemma 3.5 Under the assumptions of Theorem 1.1, there
exists a positive constant K, independent of ¢, M, T, o« and 3

such that
US(T) < Kyela — B,

VA(T) < Kyela — g

and

WA (T) < KyM|a — f).

(3.4)

(3.5)

(3.6)
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Proof.

A / : |
W . N
L ( ems )
Ci(a) Ci(B) R )
‘H/\~u u“\:\/
N1
,// /
// Q /
/
// /
y /
) /
S o 7 x
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It follows from (2.5) that j{cms
d[E(t, @)vj(da — Aj(u)dt)] = E(t, ) Fy(t, x)dtdz a.e., o
where
E(t,z) = sign{[v;(t, B+ Xi(0)t) — v;(t,a + Xi(0)t)]e
[(Xi(0) — X (u(t, B4+ Xi(0)0)]}
By Green formula, we have —Z:j |

//fzﬁ(t,flz)ﬁ’j(s,x)dsda: = /0 [€vi(A:(0) — Xj(w)](s, B+ Xi(0)s)ds— L] » |

/O [£0;(Ai(0) — Xj(w))](s, @ + Ai(0)s)ds+

R L

%243—‘&50?'

3 8 _ 5@ |
/ (€v,)(0, z)dz — / (E0)(T, 2+ MOT)dz: L per |
i i (3.7) —
B H |
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When i # j, we obtain from (3.7) that
T
[ T, 2u(0)5) = w5, 8+ X(0)s)lds
0
< %{[2VOO(T) + CQMVl(T)] la — G| + //Q |F~'j(s,a:)|dsda:}

0

<cfela—pl+ [ [ 1F(s,3)ldsda}.

(3.8)
Using Lemma 3.1-3.2, we have
/[ |F~’j(s,az)|dsdaz < 0522/[ |vpw;|dsdx
0 k=1 £k Q2
n B T
= 6522/ dx/ lvw|(s, x + Xi(0)s)ds
k=1 1£k YO 0
< cgela — 3.
(3.9)
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r——

Substituting (3.9) into (3.8) gives \e N )
n S
[ los(s,a+ Xi(0)s) = v3(s, 6+ Ai0)9)lds < crela— B (3.10)
0
This proves (3.5). We can prove (3.6) similarly by (2.8).
Similarly, we can prove the following lemma.
Lemma 3.6 Under the assumptions of Theorem 1.1, there
exists a positive constant K5 independent of ¢, M, T, a and (3 GEE I
such that E R
US(T) < Kse|o — 4], e »
]
VP(T) < Kse|a — B 26 7 # 50 7
and _Ea |

WE(T) < KsM|a — 8.
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Combining Lemmas 3.5-3.6 gives

Lemma 3.7 Under the assumptions of Theorem 1.1, there
exists a positive constant Kg independent of ¢, M, o and 3 such
that

Ug(c0), Uf(oo) < Keela — 3,

(e

Vi (00), Vi(o0) < Keela — B

and
W (00), Wi(c0) < KeM|o— ],
where

U2 (00) = max / " (s a4 Ai(0)s) — wi(s, B+ Ai(0)s)|ds,

etc.
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For any fixed (t,a + A\i(0)t), there exists a unique 0;(t,a) € R
such that

0;(t, ) + /0 Ai(u(s, xi(s,0i(t,a))))ds = o+ \i(0)t,

namely,

0i(t,a) = a+ /0 [(Ai(0) — Ni(u(s, xi(s, 0:i(t, @))))]ds,

where = = z;(s, 0;(t,«)) stands for the i-th characteristic passing
through the point (0, 6;(t,«)), which is defined by

dz;(s,0;(t,x))

T = Ni(u(s, zi(s, 0,(t,)))), zi(0,0:(t,a)) = 0;(t, ).
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r——

Lemma 3.8 Under the assumptions of Theorem 1.1, for any
given a € R there exists a unique ¥;(a) such that 6;(t,«) con-
verges to ¥;(a) when t tends to oco; moreover, ¥;(a) satisfies

€
9i(a) — a| < Kr—,
[¥i(a) — af < "o

and is a globally Lip-continuous function of a, more precisely, _wAzm |
the following estimate holds R

[9i(e) — 9:(B)| < (1 + Kse)la— B, Vo,BER, RS

R L

where K7 is a positive constant independent of ¢, M and «, w0750 3]

while Kg is another positive constant independent of ¢, M, «

and 3. _#=a |
fﬁﬂi|
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We finally estimate the difference of w; on two differential z-th
characteristic at the same time.
For arbitrary a, 8 € R, we introduce

W, 5(00) = max sup |wi(t, zi(t, ) — wit, zi(t, 8))]. (3.11)

’]/:1,-.. 7n tE[O#)O)

Lemma 3.9 Under the assumptions of Theorem 1.1, there
exists a positive constant Ky independent of ¢, M, o and 8 such
that
23(00) < (1 + Koe) max |wi(0,a) — wi(0, 8)| + KoM*|o — .
(3.12)
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Proof. By (2.9), it follows from (2.6) that

wi(t, zi(t, o)) = wi(0, ) + Z/O(%jk(u)ijk)(s,:ci(s,a))ds

j k=1

= (0,0 + 3 [ (w5, 2:(s,0)ds

+Z/ [Aij(u)wiw;](s, zi(s, a))ds

j#i V0

— t[éz’j(u)wfuj](s,wi(s,Oé))ds,
(3.13)

1
~ 3’7iz‘z'(8u1, s, SUG—1y Ugy SUj+1y 00 0 Sun)
0 auj

Aij(u) = ~iji(w) + viij(w)-
Remark A(u) € C? is necessary to prove Lemma 3.9.
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4 I Asymptotic behavior of global classi-

cal solutions — Proof of Theorem 1.1

Let

D 0
D;t 875

+ A (0) a =z — \(0)t. (4.1)

Noting (1.6a) and using Hadamard's formula, we have

DuZ
= > (Ai(0) = Xj(w))wjrj(w)e; + (Xi(0) — Ai(w))wiri(u)e;
J#1
= > {Bi(w)w; + 'y (u)ujw},
JF#1
(4.2)
Lemma 4.1 For i € {1,--- ,n} and any given a € R, the limit
thern ui(t, a4+ Ai(0)t) = ®;() (4.3)

exists; moreover, |®;(a)| < Kjoe.
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Lemma 4.2 For every ¢ € {1,--- ,n}, there exists a positive

constant K2 independent of ¢, M, o« and 3 such that
|P;(a) — ®;(B)| < KioM|aa— 3|, VYa,8€R.
Proof. For any t € R™ and any a € R it holds that
wi(t, @ + Xi(0)t) = w;(t, zi(t, 0:(t, ))).

Noting Lemma 3.8 and using (4.3), we have

®i(@) = ®i(B) = lim w;(t, a4 Xi(0)t) — lim u;(t, 54 Xi(0)2)

(4.4)

(4.5)

= lim wi(t, i(t, 6:(t, @))) — lim wi(t, 2i(t, 6:(t, 5)))
= tlirg) ui(t, mi(t, Q%(Cv))) — tliglo Ui(ta xi(ta 19%(5)))

= tlirglo{ui(t, CIZi(t, '191(04))) — Ui(ta xi(ta 19@(6)))}

(4.6)
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Lemma 4.3 Suppose that lim; o w;(t, @+ A\;(0)t) exists, then

dd;
() _ Jim wilt, -+ M(0)D). (4.7)
do t—-+00
Proof.
d®; .
d((la) = lim_ ; wj(t, a0 + X (0)t)7;(u(t, o + X (0)t))es.
= tE+moo Z wjrj(uw)e; + Z Oij(w)ujw; +w;i p (t, a0+ Xi(0)1).
j#i J7i
(4.8)
ui(t,a + X (0)t) — 0 (j #i), ast— oo
and
wi(t,a+ X (0)t) — 0  (j #1), ast— oo.
[
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Lemma 4.4 For any given ¢ € {1,---,n} and for any fixed
a € R, the limit limy— 4 w;(t, z;(t, a)) exists, denoted it by ¥;(a),
that is,

lim w;(t, zi(t,a)) = ¥V;(a), VaéeR. (4.9)

t——+o0

Moreover, ¥;(«) is a continuous function of o € R and satisfies
that there exists a positive constant K3 independent of ¢, M
and « such that

|\IJZ(C\{)| < (1 -+ K13€)M, YVaeR. (4.10)

In particular, if (1.13) is satisfied, then there exists a positive
constant K4 independent of ¢, M, ¢, « and § such that

[Wi(e) — ¥i(B)] < Kia(s+ M)|a— 8|, Va,BeR. (4.11)
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Proof.

wi(t, zi(t,a)) = wi(0, ) + Z/ [Vije(w)wjwg] (s, zi(s, o))ds+

2 [ ] s, i(s,0))ds~
;/ (W) w?ugl (s, zi(s, a))ds.

(4.12)

i
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Lemma 4.5 For every i € {1,---,n}, the limit t1i+m w;(t, a0 +
Ai(0)t) exists, and

lim wi(t, o+ )\Z(O)t) = \112(191(04)) c CO(R) (413)

t——+o0

Moreover, if (1.13) is satisfied, then the limit function ¥;(¥(«))
is globally Lipschitz continuous, and satisfies that, for every
a, B €R,

Ws(9i()) — Wi(94(B))] < Kia(s + M?)(1 + Kge)|a — 8]. (4.14)
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r——

Proof. It follows from the definition of 6;(t,«) that e
w;i(t, a4+ Ai(0)t) = wi(t, zi(t, 0:(t, a))).
Then noting Lemma 3.8, we have
t11>+m w;(t, o+ Xi(0)t) = tEJrrn w;(t, zi(t, 0;(t, ))) = hm w;(t, z;(t, ¥i())), pp—
and then by (4.9), i
tl}ﬂﬂ w;(t, a4+ X\i(0)t) = hm wi(t, zi(t,¥i(a))) = V;(%i(a) (4.15) ji
Since V¥;(-) and ¥;(x) are continuous with respect to - and x # 39 7 3 50 7
respectively, ¥;(¢;(a)) is a continuous function of o € R. This & =
proves (4.13). [] e
x M |
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Combining Lemmas 4.3 and 4.5 gives
Lemma 4.6 For every i € {1,--- ,n}, it holds that
d(I)Z(Cv) o
doe

Moreover, if (1.13) is satisfied, then the following estimate
hold

dd; d
7o () —

U, (9:(a)) € C°(R). (4.16)

B)| < Kiss + MD)la—fl, Va8 €R, (4.17)

where K5 is a positive constant independent of ¢, M, ¢, « and

G.
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r——

Proof of Theorem 1.1 Taking

and noting Lemmas 4.1-4.2 and Lemma 4.6, we get the conclu- _#HEA |
sion of Theorem 1.1 immediately. Thus, the proof of Theorem “ | » |

1.1 is completed. ] . » |
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Thank you!
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