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Abstract

In this paper, we study the asymptotic behavior of global
classical solutions of the Cauchy problem for general
quasilinear hyperbolic systems with weakly linearly de-
generate characteristic fields. Based on the existence
results on the global classical solution proved by Zhou,
we prove that, when t tends to infinity, the solution ap-
proaches a combination of C1 travelling wave solutions,
provided that the total variation and L1 norm of the ini-
tial data are sufficiently small.
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1 Introduction and main result
Consider the following first order quasilinear strictly hyperbolic
system

∂u
∂t

+ A(u)∂u
∂x

= 0,

t = 0 : u(0, x) = f(x),
(1.1)

where A (u) = (aij (u)) ∈ C3.
Strict hyperbolicity: λ1(u) < · · · < λn(u).
By F.John (CPAM, 1974), all λi (u), lij (u) and rij (u)
(i, j = 1, · · · , n) are C3 smooth and satisfy the normalized con-
dition

li(u)rj(u) ≡ δij (i, j = 1, · · · , n) (1.2)

and

rT
i (u)ri(u) ≡ 1 (i = 1, · · · , n). (1.3)
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Definition (D.Q.Li, Y.Zhou and D.X.Kong, CPDE, 1994)
The i-th characteristic λi (u) is weakly linearly degenerate,
if, along the i-th characteristic trajectory u = u(i) (s) passing
through u = 0, defined by

du

ds
= ri (u) , u(0) = 0, (1.4)

we have
∇λi (u) ri (u) ≡ 0, ∀ |u| small, (1.5)

namely,

λi

“
u(i) (s)

”
≡ λi (0) , ∀ |s| small. (1.6)

If all characteristics are weakly linearly degenerate, then system
(1.1) is called to be weakly linearly degenerate.
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By D.Q.Li, Y.Zhou and D.X.Kong (CPDE, 1994), there exists
an invertible C4 transformation u = u (ũ) (u(0) = 0) such that
in the ũ-space,

r̃i (ũiei) ≡ ei, ∀ |ũi| small (i = 1, · · · , n). (1.7)

Such a transformation is called the normalized transforma-
tion and the corresponding unknown variables ũ = (ũ1, · · · , ũn)

T

are called the normalized variables or normalized coordi-
nates. In the normalized coordinates, (1.6) simply reduces
to

λi(uiei) ≡ λi(0), ∀ |ui| small. (1.6a)
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If the initial data f(x) satisfies the following decay property:

%
4
= sup

x∈R
{(1 + |x|)1+µ(|f(x)|+ |f ′(x)|)} < +∞ (µ > 0) (1.8)

is sufficiently small, D.Q.Li, Y.Zhou and D.X.Kong proved that
the Cauchy problem (1.1) admits a unique global classical solu-
tion, provided that the system (1.1) is weakly linearly degener-
ate. The condition µ > 0 is essential. If µ = 0, a counterexam-
ple constructed in Kong (Chin.Ann.Math.21B, 2000) showing
that the classical solution may blow up in a finite time, even
when the system (1.1) is weakly linearly degenerate.
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Theorem A.(Zhou Yi, Chin.Ann.Math.,25B,2004) Suppose
that the system (1.1) is strictly hyperbolic and weakly linearly
degenerate. Suppose furthermore that A(u) ∈ C2 and f ∈ C1

with bounded C1 norm. Let

M = sup
x∈R

|f ′(x)| < +∞. (1.9)

Then there exists a small constant ε > 0 such that the Cauchy
problem (1.1) admits a unique global C1 solution u = u(t, x) for
all t ∈ R, provided thatZ +∞

−∞
|f ′(x)|dx ≤ ε,

Z +∞

−∞
|f(x)|dx ≤

ε

M
. (1.10)
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Based on Theorem A, we prove the following theorem.
Theorem 1.1 (Asymptotic Behavior). Under the assump-
tions of Theorem A and A(u) ∈ C3, there exists a unique C1

vector-valued function ϕ(x) = (ϕ1(x), · · · , ϕn(x))T such that

u(t, x) −→
nX

i=1

ϕi(x− λi(0)t)ei, as t → +∞; (1.11)

moreover, there exists a positive constant κ1 independent of
ε, M, x1 and x2 such that for every i ∈ {1, · · · , n},

|ϕi(x1)− ϕi(x2)| ≤ κ1M |x1 − x2|, ∀ x1, x2 ∈ R. (1.12)

http://www.webpc.shtu.edu.cn/yctang
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Furthermore, if f ′(x), the derivative of the initial data, is glob-
ally Lipschitz continuous, that is, there exists a positive con-
stant ς such that

|f ′(x1)− f ′(x2)| ≤ ς|x1 − x2|, ∀ x1, x2 ∈ R, (1.13)

then

|ϕ′(x1)− ϕ′(x2)| ≤ κ2(ς + M2)|x1 − x2|, ∀ x1, x2 ∈ R, (1.14)

where κ2 is a positive constant independent of ε, M, ς, x1 and
x2.
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Remark Theorem 1.1 gives the exact time asymptotic behavior
of the global classical solutions presented in Theorem A. For
the initial data satisfying the decay property (1.8), Kong and
Yang (CPDE, 28, 2003) proved that, when t tends to infinity,
the global classical solution approaches a combination of C1

travelling wave solutions at algebraic rate (1+ t)−µ. Comparing
with it, because of the lack of the decay rate of the initial
data, in the present situation there is no any estimate on the
convergence rate.
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The paper is organized as follows. For the sake of complete-
ness, in Section 2 we recall John’s formula on the decompo-
sition of waves with some supplements. Section 3 is devoted
to establishing some new uniform estimates. The main result,
Theorem B, is proved in Section 4. By analyzing carefully the
global propagation properties of the classical waves, we use the
estimates given in Section 3 to describe the large time behavior
of the global classical solutions, and then construct the desired
travelling waves.
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2 Preliminaries
Resolution of wave (F.John, CPAM, 1974):
Let

vi(u) = li(u)u, wi(u) = li(u)ux (i = 1, · · · , n), (2.1)

d

dit
=

∂

∂t
+ λi(u)

∂

∂x
. (2.2)

We have
dvi

dit
=

nX
j,k=1

βijk(u)vjwk
4
= Fi(t, x), (2.3)

∂vi

∂t
+

∂(λi(u)vi)

∂x
=

nX
j,k=1

β̃ijk(u)vjwk
4
= F̃i(t, x), (2.4)

d[vi(dx− λi(u)dt)] = F̃i(t, x)dtdx. (2.5)

http://www.webpc.shtu.edu.cn/yctang
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dwi

dit
=

nX
j,k=1

γijk(u)wjwk
4
= Gi(t, x), (2.6)

∂wi

∂t
+

∂(λi(u)wi)

∂x
=

nX
j,k=1

γ̃ijk(u)wjwk
4
= G̃i(t, x), (2.7)

d[wi(dx− λi(u)dt)] = G̃i(t, x)dtdx. (2.8)

When the system is weakly linearly degenerate, in the normal-
ized coordinates, it holds that

β̃ijj(ujej) ≡ 0, γiii(uiei) ≡ 0, ∀ i ∈ {1, · · · , n}. (2.9)
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3 Uniform estimates
In this section, we shall establish some new uniform estimates
which play a key role in the proof of Theorem 1.1.
For any fixed T ≥ 0, we introduce

U∞(T ) = sup
0≤t≤T

sup
x∈R

|u(t, x)|, V∞(T ) = sup
0≤t≤T

sup
x∈R

|v(t, x)|,

W∞(T ) = sup
0≤t≤T

sup
x∈R

|w(t, x)|,

V1(T ) = sup
0≤t≤T

Z +∞

−∞
|v(t, x)|dx,

W1(T ) = sup
0≤t≤T

Z +∞

−∞
|w(t, x)|dx,

http://www.webpc.shtu.edu.cn/yctang
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Ũ1(T ) = max
j 6=i

sup
C̃j

Z
C̃j

|ui(t, x)|dt, Ṽ1(T ) = max
j 6=i

sup
C̃j

Z
C̃j

|vi|dt,

W̃1(T ) = max
j 6=i

sup
C̃j

Z
C̃j

|wi(t, x)|dt,

Ū1(T ) = max
j 6=i

sup
Lj

Z
Lj

|ui(t, x)|dt, V̄1(T ) = max
j 6=i

sup
Lj

Z
Lj

|vi|dt,

W̄1(T ) = max
j 6=i

sup
Lj

Z
Lj

|wi(t, x)|dt,

where | · | stands for the Euclidean norm in Rn, C̃j stands for
any given j-th characteristic on the domain [0, T ]×R, while Lj

stands for any given ray with the slope λj(0).
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Combining Lemma 4.1 and (4.52) in Zhou Yi we get
Lemma 3.1 Under the assumptions of Theorem 1.1, there
exists a positive constant K1 independent of ε, M and T such
that

V1(T ), Ṽ1(T ) ≤ K1
ε

M
,

W1(T ), W̃1(T ) ≤ K1ε,

U∞(T ), V∞(T ) ≤ K1ε,

W∞(T ) ≤ K1M.

http://www.webpc.shtu.edu.cn/yctang
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On the other hand, we have
Lemma 3.2 Under the assumptions of Theorem 1.1, there
exists a positive constant K2 independent of ε, M and T such
that

Ũ1(T ) ≤ K2
ε

M
, (3.1)

Ū1(T ), V̄1(T ) ≤ K2
ε

M
(3.2)

and

W̄1(T ) ≤ K2ε. (3.3)
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Combining Lemmas 3.1-3.2 gives
Lemma 3.3 Under the assumptions of Theorem 1.1, there
exists a positive constant K3 independent of ε and M such
that

V1(∞), Ū1(∞), Ũ1(∞), V̄1(∞), Ṽ1(∞) ≤ K3
ε

M
,

W1(∞), W̄1(∞), W̃1(∞) ≤ K3ε,

U∞(∞), V∞(∞) ≤ K3ε, W∞(∞) ≤ K3M,

where

V1(∞) = sup
0≤t≤∞

Z +∞

−∞
|v(t, x)|dx,

etc.
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Lemma 3.4 Under the assumptions of Theorem 1.1, for any
t ∈ R+ and arbitrary α, β ∈ R, it holds that

|u(t, α + λi(0)t)− u(t, β + λi(0)t)| ≤ c1M |α− β|;

moreover, for any given C1 function g(u),

|g(u(t, α + λi(0)t))− g(u(t, β + λi(0)t))| ≤ c2M |α− β|

and

|g(u(t, xi(t, α)))− g(u(t, xi(t, β)))| ≤ c3M |α− β|,

where ci (i = 1, 2, · · · ) stand for some positive constants inde-
pendent of ε, M, t, α and β.
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For any fixed T ≥ 0 and for arbitrary α, β ∈ R, we introduce

Uβ
α(T ) = max

j 6=i

Z T

0

|uj(s, α + λi(0)s)− uj(s, β + λi(0)s)|ds,

V β
α (T ) = max

j 6=i

Z T

0

|vj(s, α + λi(0)s)− vj(s, β + λi(0)s)|ds,

W β
α (T ) = max

j 6=i

Z T

0

|wj(s, α + λi(0)s)− wj(s, β + λi(0)s)|ds,

Ũβ
α(T ) = max

j 6=i

Z T

0

|uj(s, xi(s, α))− uj(s, xi(s, β))|ds,

Ṽ β
α (T ) = max

j 6=i

Z T

0

|vj(s, xi(s, α))− vj(s, xi(s, β))|ds,

W̃ β
α (T ) = max

j 6=i

Z T

0

|wj(s, xi(s, α))− wj(s, xi(s, β))|ds.
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Lemma 3.5 Under the assumptions of Theorem 1.1, there
exists a positive constant K4 independent of ε, M, T, α and β
such that

Uβ
α(T ) ≤ K4ε|α− β|, (3.4)

V β
α (T ) ≤ K4ε|α− β| (3.5)

and

W β
α (T ) ≤ K4M |α− β|. (3.6)
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It follows from (2.5) that

d[ξ(t, x)vj(dx− λj(u)dt)] = ξ(t, x)F̃j(t, x)dtdx a.e.,

where

ξ(t, x) = sign{[vj(t, β + λi(0)t)− vj(t, α + λi(0)t)]•
[(λi(0)− λj(u(t, β + λi(0)t)))]}.

By Green formula, we haveZ Z
Ω̃

ξ(t, x)F̃j(s, x)dsdx =

Z T

0

[ξvj(λi(0)− λj(u))](s, β + λi(0)s)ds−Z T

0

[ξvj(λi(0)− λj(u))](s, α + λi(0)s)ds+Z β

α

(ξvj)(0, x)dx−
Z β

α

(ξvj)(T, x + λi(0)T )dx.

(3.7)
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When i 6= j, we obtain from (3.7) thatZ T

0

|vj(s, α + λi(0)s)− vj(s, β + λi(0)s)|ds

≤
1

δ0
{

ˆ
2V∞(T ) + c2MV̄1(T )

˜
|α− β|+

Z Z
Ω̃

|F̃j(s, x)|dsdx}

≤ c4{ε|α− β|+
Z Z

Ω̃

|F̃j(s, x)|dsdx}.

(3.8)
Using Lemma 3.1-3.2, we haveZ Z

Ω̃

|F̃j(s, x)|dsdx ≤ c5

nX
k=1

X
l 6=k

Z Z
Ω̃

|vkwl|dsdx

= c5

nX
k=1

X
l 6=k

Z β

α

dx

Z T

0

|vkwl|(s, x + λi(0)s)ds

≤ c6ε|α− β|.
(3.9)
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Substituting (3.9) into (3.8) givesZ T

0

|vj(s, α + λi(0)s)− vj(s, β + λi(0)s)|ds ≤ c7ε|α− β|. (3.10)

This proves (3.5). We can prove (3.6) similarly by (2.8).
Similarly, we can prove the following lemma.
Lemma 3.6 Under the assumptions of Theorem 1.1, there
exists a positive constant K5 independent of ε, M, T, α and β
such that

Ũβ
α(T ) ≤ K5ε|α− β|,

Ṽ β
α (T ) ≤ K5ε|α− β|

and

W̃ β
α (T ) ≤ K5M |α− β|.
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Combining Lemmas 3.5-3.6 gives
Lemma 3.7 Under the assumptions of Theorem 1.1, there
exists a positive constant K6 independent of ε, M, α and β such
that

Uβ
α(∞), Ũβ

α(∞) ≤ K6ε|α− β|,

V β
α (∞), Ṽ β

α (∞) ≤ K6ε|α− β|

and

W β
α (∞), W̃ β

α (∞) ≤ K6M |α− β|,

where

Uβ
α(∞) = max

j 6=i

Z ∞

0

|uj(s, α + λi(0)s)− uj(s, β + λi(0)s)|ds,

etc.
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For any fixed (t, α + λi(0)t), there exists a unique θi(t, α) ∈ R
such that

θi(t, α) +

Z t

0

λi(u(s, xi(s, θi(t, α))))ds = α + λi(0)t,

namely,

θi(t, α) = α +

Z t

0

[λi(0)− λi(u(s, xi(s, θi(t, α))))]ds,

where x = xi(s, θi(t, α)) stands for the i-th characteristic passing
through the point (0, θi(t, α)), which is defined by

dxi(s, θi(t, α))

ds
= λi(u(s, xi(s, θi(t, α)))), xi(0, θi(t, α)) = θi(t, α).
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Lemma 3.8 Under the assumptions of Theorem 1.1, for any
given α ∈ R there exists a unique ϑi(α) such that θi(t, α) con-
verges to ϑi(α) when t tends to ∞; moreover, ϑi(α) satisfies

|ϑi(α)− α| ≤ K7
ε

M
,

and is a globally Lip-continuous function of α, more precisely,
the following estimate holds

|ϑi(α)− ϑi(β)| ≤ (1 + K8ε)|α− β|, ∀ α, β ∈ R,

where K7 is a positive constant independent of ε, M and α,
while K8 is another positive constant independent of ε, M, α
and β.
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We finally estimate the difference of wi on two differential i-th
characteristic at the same time.
For arbitrary α, β ∈ R, we introduce

W ∗
α,β(∞) = max

i=1,··· ,n
sup

t∈[0,∞)

|wi(t, xi(t, α))− wi(t, xi(t, β))|. (3.11)

Lemma 3.9 Under the assumptions of Theorem 1.1, there
exists a positive constant K9 independent of ε, M, α and β such
that

W ∗
α,β(∞) ≤ (1 + K9ε) max

i=1,··· ,n
|wi(0, α)− wi(0, β)|+ K9M

2|α− β|.

(3.12)
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Proof. By (2.9), it follows from (2.6) that

wi(t, xi(t, α)) = wi(0, α) +
nX

j,k=1

Z t

0

(γijk(u)wjwk)(s, xi(s, α))ds

= wi(0, α) +
X

j 6=i
k 6=i

Z t

0

[γijk(u)wjwk](s, xi(s, α))ds

+
X
j 6=i

Z t

0

[∆ij(u)wiwj](s, xi(s, α))ds

−
X
j 6=i

Z t

0

[Θ̃ij(u)w2
i uj](s, xi(s, α))ds,

(3.13)

Θ̃ij(u) = −
Z 1

0

∂γiii(su1, · · · , sui−1, ui, sui+1, · · · , sun)

∂uj
ds.

∆ij(u) = γiji(u) + γiij(u).

Remark A(u) ∈ C3 is necessary to prove Lemma 3.9.

http://www.webpc.shtu.edu.cn/yctang


� ¯ Ì �

I K �

JJ II

J I

1 33 � � 50 �

� £

� ¶ w «

' 4

ò Ñ

4 Asymptotic behavior of global classi-
cal solutions — Proof of Theorem 1.1
Let

D

Dit
=

∂

∂t
+ λi(0)

∂

∂x
, α = x− λi(0)t. (4.1)

Noting (1.6a) and using Hadamard’s formula, we have

Dui

Dit
=

X
j 6=i

(λi(0)− λj(u))wjrj(u)ei + (λi(0)− λi(u))wiri(u)ei

=
X
j 6=i

{Bij(u)wj + Γij(u)ujwi},

(4.2)
Lemma 4.1 For i ∈ {1, · · · , n} and any given α ∈ R, the limit

lim
t→+∞

ui(t, α + λi(0)t) = Φi(α) (4.3)

exists; moreover, |Φi(α)| ≤ K10ε.
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Lemma 4.2 For every i ∈ {1, · · · , n}, there exists a positive
constant K12 independent of ε, M, α and β such that

|Φi(α)− Φi(β)| ≤ K12M |α− β|, ∀ α, β ∈ R. (4.4)

Proof. For any t ∈ R+ and any α ∈ R it holds that

ui(t, α + λi(0)t) = ui(t, xi(t, θi(t, α))). (4.5)

Noting Lemma 3.8 and using (4.3), we have

Φi(α)− Φi(β) = lim
t→∞

ui(t, α + λi(0)t)− lim
t→∞

ui(t, β + λi(0)t)

= lim
t→∞

ui(t, xi(t, θi(t, α)))− lim
t→∞

ui(t, xi(t, θi(t, β)))

= lim
t→∞

ui(t, xi(t, ϑi(α)))− lim
t→∞

ui(t, xi(t, ϑi(β)))

= lim
t→∞

{ui(t, xi(t, ϑi(α)))− ui(t, xi(t, ϑi(β)))}.
(4.6)
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Lemma 4.3 Suppose that limt→+∞ wi(t, α + λi(0)t) exists, then

dΦi(α)

dα
= lim

t→+∞
wi(t, α + λi(0)t). (4.7)

Proof.

dΦi(α)

dα
= lim

t→+∞

nX
j=1

wj(t, α + λi(0)t)rj(u(t, α + λi(0)t))ei.

= lim
t→+∞

8<:X
j 6=i

wjrj(u)ei +
X
j 6=i

Oij(u)ujwi + wi

9=; (t, α + λi(0)t).

(4.8)

uj(t, α + λi(0)t) −→ 0 (j 6= i), as t →∞
and

wj(t, α + λi(0)t) −→ 0 (j 6= i), as t →∞.

�
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Lemma 4.4 For any given i ∈ {1, · · · , n} and for any fixed
α ∈ R, the limit limt→+∞ wi(t, xi(t, α)) exists, denoted it by Ψi(α),
that is,

lim
t→+∞

wi(t, xi(t, α)) = Ψi(α), ∀ α ∈ R. (4.9)

Moreover, Ψi(α) is a continuous function of α ∈ R and satisfies
that there exists a positive constant K13 independent of ε, M
and α such that

|Ψi(α)| ≤ (1 + K13ε)M, ∀ α ∈ R. (4.10)

In particular, if (1.13) is satisfied, then there exists a positive
constant K14 independent of ε, M, ς, α and β such that

|Ψi(α)−Ψi(β)| ≤ K14(ς + M2)|α− β|, ∀ α, β ∈ R. (4.11)
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Proof.

wi(t, xi(t, α)) = wi(0, α) +
X

j 6=i
k 6=i

Z t

0

[γijk(u)wjwk](s, xi(s, α))ds+

X
j 6=i

Z t

0

[∆ij(u)wiwj](s, xi(s, α))ds−

X
j 6=i

Z t

0

[Θ̃ij(u)w2
i uj](s, xi(s, α))ds.

(4.12)
�
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Lemma 4.5 For every i ∈ {1, · · · , n}, the limit lim
t→+∞

wi(t, α +

λi(0)t) exists, and

lim
t→+∞

wi(t, α + λi(0)t) = Ψi(ϑi(α)) ∈ C0(R). (4.13)

Moreover, if (1.13) is satisfied, then the limit function Ψi(ϑ(α))
is globally Lipschitz continuous, and satisfies that, for every
α, β ∈ R,

|Ψi(ϑi(α))−Ψi(ϑi(β))| ≤ K14(ς + M2)(1 + K8ε)|α− β|. (4.14)
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Proof. It follows from the definition of θi(t, α) that

wi(t, α + λi(0)t) = wi(t, xi(t, θi(t, α))).

Then noting Lemma 3.8, we have

lim
t→+∞

wi(t, α + λi(0)t) = lim
t→+∞

wi(t, xi(t, θi(t, α))) = lim
t→+∞

wi(t, xi(t, ϑi(α))),

and then by (4.9),

lim
t→+∞

wi(t, α + λi(0)t) = lim
t→+∞

wi(t, xi(t, ϑi(α))) = Ψi(ϑi(α)).(4.15)

Since Ψi(·) and ϑi(∗) are continuous with respect to · and ∗
respectively, Ψi(ϑi(α)) is a continuous function of α ∈ R. This
proves (4.13). �
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Combining Lemmas 4.3 and 4.5 gives
Lemma 4.6 For every i ∈ {1, · · · , n}, it holds that

dΦi(α)

dα
= Ψi(ϑi(α)) ∈ C0(R). (4.16)

Moreover, if (1.13) is satisfied, then the following estimate
hold ˛̨̨̨

dΦi

dα
(α)−

dΦi

dα
(β)

˛̨̨̨
≤ K15(ς + M2)|α− β|, ∀ α, β ∈ R, (4.17)

where K15 is a positive constant independent of ε, M, ς, α and
β.
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Proof of Theorem 1.1 Taking

ϕi(x− λi(0)t) = Φi(x− λi(0)t) (i = 1, · · · , n), (4.18)

and noting Lemmas 4.1-4.2 and Lemma 4.6, we get the conclu-
sion of Theorem 1.1 immediately. Thus, the proof of Theorem
1.1 is completed. �
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Thank you!
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